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Mé& dau

Bat déng thitc c6 vi tri dac biét quan trong trong toan hoc va la mot bo
phan quan trong ctia gidi tich va dai s6. Dang thitc, bat dang thic trong
16p ham logarit 1a4 mot trong nhitng néi dung co ban va quan trong cua
chuong trinh toan bac trung hoc phd thong. Chuyén dé nim trong chuong
trinh boi dudng HSG 6 cac 16p THPT phuc vu cac ky thi HSG qubc gia
va khu vuec.

Dic biét, trong cac ki thi hoc sinh gidi todn cic cap, cac bai toan lién
quan tdi cac tinh chat clia ham logarit thudng xuyén dugc dé cap. Nhiing
dang toan nay thuong dugc xem la thudc loai kho va doi hoi tu duy, kha
ning phan doan cao, song né lai luoén c6 sic hap dan, thu hat sy tim toi,
6c sang tao cua hoc sinh.

Dé dap ting nhu cau boi dudng gido vien va bdi dudng hoc sinh gidi vé
chuyén dé ham logarit, t6i chon dé tai luan van "Dang thic va bat dang
thic trong 16p ham logarit".

Tiép theo, khio sat mot s6 16p bai toan tit cac dé thi HSG Qudc gia va
cac tinh thanh trong cad nuéc nhitng naim gan day.

Cau tric luan van gom ba chuong va phan mé dau, két luan.

Chuong 1. Mot s kién thic lién quan dén ham logarit. Trong chuong
nay tac gia trinh bay mot s6 tinh chat co ban ctia ham logarit, dic trung
ctia ham tuan hoan nhan tinh vd mot s6 dinh 1i lien quan dén 16p ham 16i
va ham 16i logarit.

Chuong 2. Trinh bay vé dang thitc logarit trong 16p ham sé chuyén doi
cac dai lugng trung binh thong qua mot s6 bai toan, sit dung phuong trinh
ham Cauchy dé gidi phuong trinh ham Cauchy dang logarit. Cudi chuong
danh dé trinh bay cac phuong phap gidi phuong trinh siéu viét dang logarit
cung v6i cac vi du tuong ing.

Chuong 3. Bat dang thiic trong 16p ham logarit. Chuong nay trinh bay
vé bat dang thtc ham logarit va phuong phap gidi bat ding thic chia
logarit thong qua cac vi du cu thé. Ngoai ra con trinh bay céac ing dung
ciia cac dinh 1i dé giai cac bai toan cuc tri ham logarit ciing nhu cac bai
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toan tim gidi han va ting dung ham 16i, hAm logarit trong chiing minh mot
16p cac bat dang thic kinh dién.

Luan van dugc hoan thanh tai Trudng Dai hoc Khoa hoc - Dai hoc
Thai Nguyén dudi sy huéng dan ctia Gido su, Tién si khoa hoc Nguyén
Van Mau. Tac gia xin bay té long biét on sau sac doi véi Thay, nguoi da
tan tinh huéng dan, va truyén dat kién thiic, kinh nghiém nghién citu cho
tac gia trong sudt qué trinh hoc tap va hoan thanh luan van. Tic gia ciing
xin bay t6 long biét on chan thanh t6i cac Thay Co trong khoa Toan-Tin
truong Dai hoc Khoa hoc, Dai hoc Thai Nguyén da giang day, giap do va
tao dieu kién cho tac gid trong sudt thoi gian hoc tap tai Truong.

Dong thoi, toi ciing xin gt 10i cAm on t6i gia dinh va ban beé dong
nghiép da ludn giap dé va dong vién toi trong qua trinh hoan thanh luan
van.

Thai Nguyén, thang 03 nam 2020.

Tac gia

Nguyén Ngoc Quyén



Chuong 1. Mot sé6 kién thic lién

quan dén ham logarit

Muc dich ctia chuong nay 1 trinh bay mot s6 tinh chat co ban ctia ham
logarit; dic trung ctia ham tuan hoan nhan tinh vd mot s6 dinh i lién
quan dén 16p ham 16i va ham 16i logarit. Cac két qua chinh ctia chuong
duge tham khao tir cac tai lieu [1], [2].

1.1 Mot sé6 tinh chat co ban ctia ham logarit

Dinh nghia 1.1. Cho a > 0,a # 1. Khi d6 ham s6 f(x) = log, x dugc

goi 1a ham s6 logarit co s6 a.

T1it dinh nghia nay ta suy ra: log, a = 1,log, 1 = 0, z = a'°®*, x = log, a”.
Trong cac phan tiép theo, ta gid st 0 < a # 1.

Nhan xét 1.1.

i) Ham s6 logarit ¢6 tap xac dinh D = (0; +00) va tap gia tri I = R.

ii) Ham s6 f(x) = log,z lién tuc vd ¢6 dao ham véi moi x > 0, hon nita

[ p—

rlna

Tinh chat 1.1 (Tinh don diéu). Ta khao sat tinh don diéu ctia ham sd
f(x) =log,x trong 2 trudng hop.

- Truong hgp 1: a > 1.

Khi do6, Ina > 0 nén suy ra

"(z) = (1 "= .
f'(z) = (log, x) mlna>O,Vx>O

Vay, khi a > 1 thi f(z) = log,x 1a ham dong bién trén D.
- Truong hgp 2: 0 < a < 1.
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Trong trudng hop nay f/'(x) < 0,Ve € D. Vay, khi 0 < a < 1 thi f(z) =
log,x 1a ham s6 nghich bién trén D.

Tinh chat 1.2 (Tinh 16, 16m). Xét ham s6 y = log, x,a > 0,a # 1,2 > 0,
ta co

o

f(x) = (og, 2) =
—1

f(z) = x?lna’

- Néu a > 1 tiic Ina > 0 thi 4 < 0 suy ra ham s6 16m trén (0; +00).
-Néu 0 <a < 1ticlna <0 thiy” >0 suy ra ham s6 161 trén (0; +00).

Tinh chat 1.3. V6i moi a > 0,a # 1 va x1, 22 € (0; +00), ta c6

x
log,(z122) = log, z1 + log, =2, log, :c_l = log, 1 — log, xs.
2

Tinh chat 1.4. V6i moi a > 0, a # 1 va & > 0. V6i o bat ky, ta c6

1

log,x“ = alog,z, log, © = —log, z*
o

= alog,. © = log,. x“.

Tinh chat 1.5. V6imoi 0 < a # 1,b# 1 va x > 0, ta c6
1
log, a

log, b.log, ¢ = log, c,log, b =

Tinh chat 1.6. V6imoi 0 <a #1,0<c# 1vaxz >0, ta co

Tinh chat 1.7. Ham s6 f(z) = log,z (0 < a # 1) c6 dao ham tai moi
diem z € (0; +00) va (log,x) =

o Néu ham s6 u = u(x) c¢6 dao ham
rlna
tren khoang J € R thi ham s6 y = log,u(x), (0 < a # 1) ¢6 dao ham trén

J va (log,u(x)) = %.

Tinh chat 1.8. V6i moi a > 0, a # 1 va 21, 25 € (0; +00), ta c6
i) Khi a > 1 thilog,x1 < log,xs < x1 < 9.

ii) Khi 0 < a < 1 thilog,x1 < log,xs < x1 > .
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1.2 DPaic trung cia ham tuan hoan nhan tinh

Trong chuong trinh giai tich ta thuong lam quen v6i 16p ham lugng giac
14 nhitng ham tuan hoan (cong tinh) quen thudc. Rat nhiéu phuong trinh
ham va cic dang toan lién quan doi héi can tim hiéu thém céic tinh chat
va dic trung ciia 16p ham tuan hoan va phan tuan hoan nhan tinh gin véi
ham logarit.

1.2.1 Ham tuan hoan nhan tinh
Dinh nghia 1.2. Ham s6 f(x) dugc goi 1a ham tuan hoan nhan tinh chu
ky a; (a > 1) trén M néu M C D(f) va
Vo € M suy ra atlez € M
flaz) = f(x),Vo € M.
Vi du 1.1. Xét f(x) = sin(27 logy,x). Khi d6 f(x) 1a ham tuan hoan
nhan tinh chu k¥ 2 trén R*. That vay, ta ¢6 Vo € R* thi 2¥'z € Rt va
f(2z) = sin(27 logy(2z))
= sin(27(1 + logy 7))
= sin(27 logy z) = f(x).

Tinh chat 1.9. Néu f(z) va g(z) 1a hai hAm tuan hoan nhan tinh chu

Inla] m
_ ™ n € N thi F(z) =

5] s myn i F(x)

f(z)+g(z) va G(x) = f(x).g(x) & cdc ham tuan hoan nhan tinh trén M,

ky tuong tng la a va b trén M va

1
1 |a/‘ — @ suy ra |a/"ﬂ = |b‘m Ta Chﬁng minh
Inlb|] n

T := a® = 1 la chu ky cta F(z) va G(z). That vay, ta c6
F(Tz) = f(a™z) + g(0""x) = f(x) + g(x) = F(x), Vo € M;

G(Tz) = f(a™z)g(b™"x) = f(z)g(x) = G(x), Vo € M.

Hon nita, Vo € M, T*'z € M. Do d6, F(x), G(x) 1a cAc hAm tuan hoan
nhan tinh trén M. []

Chatng minh. T gid thiét

Tinh chéat 1.10. Néu f(x) 13 ham tudn hoan cong tinh chu ky a, a > 0
tren R thi g(¢) = f(Int), (¢ > 0) 1a ham tuan hoan nhan tinh chu ky e®
trén R,
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Ngugc lai, néu f(z) 1a ham tuan hoan nhan tinh chu ky a (a > 1) trén
R* thi g(t) = f(e') 1a ham tuan hoan cong tinh chu ky Ina trén R.

Chiing minh. Gia st f(x) 1a ham tuan hoan cong tinh chu ky a, a > 0
trén R. Xét g(t) = f(Int), (¢t > 0).
Ta c6

g(e’t) = f(In(e"t)) = f(Ine* + Int)
= f(a+1Int) = f(Int) = g(t), Vt € R".

Vay ¢(t) 1a ham tuan hoan nhan tinh chu ky e trén R™.

Nguge lai, gid st f(z) la ham tuan hoan nhan tinh chu ky a
(0<a#1)trén RT.

Xét g(t) = f(e'), Vt € R. Ta c6

g(t+ lna) _ f(et—Hna) _ f(et.elna)

= flae') = f(e') = g(t), Vt € R.
Vay ¢(t) 1a ham tuan hoan cong tinh chu ky Ina trén R. []

1.2.2 Ham phan tuan hoan nhan tinh

Dinh nghia 1.3. Ham s6 f(x) dudc goi 1a ham phdn tuan hoan nhan tinh
chu ky a (a > 1) trén M néu M C D(f) va

Vo € M suy ra atlz € M
flax) = —f(z),Vx € M.

Vi duy 1.2. Xét f(x) = cos(mlogy x). Khi d6 f(z) 1a ham phén tuan hoan
nhan tinh chu ky 2 trén R™.

That vay, ta c6 Vo € RT thi
f(2z) = cos(mlogy(2z)) = cos(m+mlogy, ) = — cos(mlogy ) = — f(z), Vo € RY.

1
Vi du 1.3. Xét f(z) = §[Sin(27r logs(v/22)) — sin(27 log, x)]. Khi d6

f(x) 13 ham phan tuan hoan nhan tinh chu ky /2 trén R,
That vay, ta c6 Vo € RT thi (v/2)™2 € RT va

F(V2z) = %[sin(%r log, (22)) — sin(2r logy(v2))]
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= %[Sin(%r(l +log, 7)) — sin(27 logy(V27))]

= %[Sin(%r log, ) — sin(2m logy(V22))] = — f(x).

Tinh chat 1.11. Moi ham phan tuan hoan nhan tinh trén M déu 13 ham
tuan hoan nhan tinh trén M.

Chitng minh. Theo gia thiét ton tai b > 1 sao cho Vo € M thi b*! € M va
f(br) = —f(x), Ve € M.

Suy ra, Vo € M thi b*! € M va

F(E0) = F(b(bw) = —f(ba) = —(~ (@) = f(x), Vi € M.
Nhu vay, f(x) 13 ham tudn hoan nhan tinh chu ky b* trén M. O
Tinh chat 1.12. f(x) 1a hAm ph4n tuan hoan nhan tinh chu ky b (b > 1)
trén M khi va chi khi f(z) c6 dang:
1

fle) = 5(g(bx) — g(2)),

trong d6, g(x) 1a hAm tudn hoan nhan tinh chu ky 0 trén M.

Chitng minh. (i) Gid st f 13 ham phén tuan hoan nhan tinh chu ky b trén
M. Khi d6 g(x) = —f(x) 1a hAm tuin hoan nhan tinh chu ky b* tréen M
va

1 1

9(b2) — 9(x)) = 2 (~F(bx) — (~F(x)
= S(~(f@) + (=) = (&), Vo € M.

(i) Newoe lai, f(x) = 5 (g(bx) — g()), thi

f(ba) = S (9(t%2) — g(bw) = 5 (9() — g(ba)
1

= —S{g(br) — g(x)) = —f(x), Vw € M.

Hon nita, Vo € M thi b*la € M. Do d6, f(x) la hAm phan tuan hoan
nhan tinh trén M. []



